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Sensitivity coefficients to variation of fundamental
constants
Mikhail G. Kozlov1,2∗ and Dmitry Budker3,4,5
Atoms and molecules can serve as sensitive probes of
a possible variation of the fine structure constant α and
electron-to-proton mass ratio µ. Two types of sensitivity
coefficients are often used to quantify and compare the
sensitivity of different species to the variation of funda-
mental constants. The dimensionless coefficients K are
related to the fractional sensitivity, while dimensional
factors q are related to the absolute sensitivity. Here we
discuss several common errors and misconceptions re-
garding these coefficients that frequently appear in the
literature.
Transition frequencies in atoms and molecules de-
pend on the values of the fundamental constants (FC).
The energies of all stationary states of these systems are
proportional to the atomic energy unit Eh = 4piħcR∞ =
mee
4/ħ2 and additionally depend on the fine structure
constant α= e2/(ħc) and the electron-to-protonmass ra-
tio µ = me/mp . Here me and mp are the electron and
proton masses, e is the elementary-charge magnitude,
ħ is Plank’s constant, R∞ is Rydberg constant, and c is
the speed of light. In principle, all energy levels depend
on the nuclear radii (isotope field shifts), but this depen-
dence is usually weak. The hyperfine energy additionally
depends on the nuclear moments, most importantly, on
the g factors and quadrupole moments of the nuclei. All
nuclear parameters, in turn, depend on the QCD energy
scale ΛQCD and on quark masses.
When we search for a possible temporal variation of
FC we are studying time-variation of atomic (molecu-
lar) frequencies. It is difficult to imagine how to compare
directly the frequency today with itself yesterday. Using
additional devices, like resonators, or delay lines, intro-
duces time-evolution of the frequency caused, for exam-
ple, by a possible change of the resonator size, or shape.
Instead, we need to measure the ratio of two frequencies
and look how this ratio varies in time. This ratio changes
only when two frequencies have different dependences
on FC. Clearly, the dependence on the atomic energy
unit cancels out. Because of that, it is convenient to use
atomic units when discussing the sensitivity to a varia-
tion of FC.
The dependence of the atomic optical transitions be-
tween different electronic configurations on the mass ra-
tio µ and on the nuclear radii and moments is weak. We
conclude that frequency ratios for atomic optical tran-
sitions depend mainly on α. This dependence appears
due to the relativistic corrections to the energy. Such cor-
rections scale as α2Z 2 × IP, where Z e is nuclear charge
and IP is the ionization potential. For light atoms Z ≈ 1
and the corrections are small. For heavy atoms, where
Z ≫ 1, and/or for highly charged ions, where IP≫ Eh ,
the relativistic corrections become large. Consequently,
α-dependence of the optical transitions is weak for light
atoms and strong for heavy atoms and highly charged
ions.
For molecules, due to the vibrational and rotational
energy-level structure, the transition frequencies gener-
ally depend on both α and µ. Because of the interplay of
different contributions to themolecular energy, the spec-
tra of molecules are much richer and occasionally their
dependence on FCmay be significantly enhanced.
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Dimensional & dimensionless sensitivity coefficients
In 1999 Dzuba, Flambaum, andWebb [1,2] introduced q
factors, which define how atomic energies depend on α:
δE = 2qα
δα
α0
, (1)
where α0 is the present value of the fine structure con-
stant. The q factor has dimension of energy. A transition
frequency ħωi , f = E f −Ei depends on α as:
ħδωi , f = 2
(
q
f
α−q
i
α
) δα
α0
≡ 2q
i , f
α
δα
α0
. (2)
It is often convenient to introduce a dimensionless sensi-
tivity coefficient Kα for an i → f transition:
δω
ω0
=Kα
δα
α0
, Kα =
2qα
ω0
, (3)
where we skip the indexes i , f for brevity. In order to find
Kα, we first calculate the parameters qα for both levels
and then insert qα = q
f
α − q
i
α in the second equation of
(3).
Similarly to Eqs. (1,3) we can define the sensitivity co-
efficients to µ-variation:
δE = qµ
δµ
µ0
,
δω
ω0
=Kµ
δµ
µ0
, Kµ =
qµ
ω0
. (4)
Note, that there is an extra factor of 2 in Eq. (1) compared
to the first equation in (4), which was introduced in [1,2]
because atomic energies depend on α2.
Let us consider the relevance of the coefficients q and
K for various experiments. According to Eqs. (1,4) the
factors q give the absolute energy (frequency) shifts for
a given change of the FC. On the other hand, the fac-
tors K determine the relative frequency change. There-
fore, the latter are important when the relative accuracy
of the frequencymeasurement is fixed. For example, this
may be the case, when the lines are Doppler broadened.
Then the linewidth is proportional to the transition fre-
quency, ΓD/ω = ∆v/c , and shifts down to a certain frac-
tion of the linewidth can be experimentally resolved (∆v
is the width of velocity distribution). This situation is
typical for high-redshift astrophysical observations. In
high-precision laboratory measurements, on the con-
trary, Doppler-free spectroscopy and optical combs are
often used. Then the experiments are characterized by
the absolute accuracy of the frequencymeasurements. In
this case, the q factors are more relevant.
If there is an accidental degeneracy of two energy lev-
els i and f with different q factors, then according to Eq.
(3) the transition sensitivity coefficient K i , f is inversely
proportional to the frequency ωi , f and is strongly en-
hanced.1 However, an actual experimental sensitivity to
the FC variation is enhanced only if the transition fre-
quency ωi , f is directly measured with high relative accu-
racy. The sensitivity coefficients K are irrelevant for indi-
rect measurements, when small frequency ω appears as
a difference of two measured frequencies, ω = ωa −ωb .
Here the absolute experimental error does not depend
on ω and the relative experimental error is inversely pro-
portional to ω. This counterbalances growth of the sensi-
tivity coefficient K [3]. This is one of the misunderstand-
ings, whichmay be found in the literature.
Dependence on the units and conventions
The factors q have dimension of energy and clearly de-
pend on the choice of units. In atomic physics, some cal-
culations are done using atomic units while others use
relativistic units, where the energy unit is Er =mec
2 and
Eh =α
2Er . Consequently, the calculated q factors are dif-
ferent depending on the units used.
Moreover, even if we use the same units, the result de-
pends on the choice of the reference energy. For example,
formany-electron atoms the energy of a level i can be de-
fined as the core and valence parts, Ei = Ecore + E˜i , and
the core energy Ecore is often dropped. The core energy
is typically much larger than the valence energy E˜i and,
therefore, |qi | ≫ |q˜i |. Different definitions of the core
may lead to very different values of q˜i . Of course, when
we calculate q factors for the transitions, the core contri-
bution cancels out and transition coefficients q i , f = q˜ i , f
depend only on the choice of units. In practice, the q
factors are usually calculated with respect to the ground
state, thus q i = q0,i .
The dependence of the q factors on units is usually
recognized. However, it is often assumed that the dimen-
sionless coefficients K are independent of units. This, in
fact, is not the case. According to Eq. (3),
Kα =
∂ω
∂α
α
ω
. (5)
If ω is in atomic units, then in relativistic units the fre-
quency ω˜ is
ω˜=α2ω , (6)
1 This is not generally true for non-accidental degeneracy. Con-
sider, for example, the fine structure splitting. In atomic units
it scales as α2Z 2 and the sensitivity coefficients are Kfs = 2
independently of the size of the splitting.
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and respective sensitivity coefficient is equal to
K˜α =Kα+2. (7)
As pointed out above, in experiments, we alwaysmea-
sure the ratio of two frequencies. For example, in an abso-
lute measurement, we determine the ratio of an atomic
frequency to the frequency of the cesium frequency stan-
dard. The variation of the frequency ratio due to a varia-
tion of α is:
δ (ωm/ωn)
ωm/ωn
=
(
K mα −K
n
α
) δα
α
. (8)
We see that the variation of the ratio of frequencies de-
pends on the difference of the sensitivity coefficients and
does not depend on the choice of the units.
We conclude, that the values of the sensitivity coeffi-
cients q and K depend on the conventions used. How-
ever, the differences in the sensitivity coefficients K are
independent of the choice of the system of units and the
reference frequency. Therefore, it is always necessary to
look at the differences in the sensitivity coefficients of the
levels and transitions.
Lattice constant
Up to now we focused on the energies and frequencies.
This is because frequency measurements are by far the
most accurate measurements in physics. However, in the
literature there are discussions of a possible variation of
the lattice constant of crystals [4, 5]. The dependence of
the lattice constant on the FC can be tested in frequency
measurements if one uses a crystal to make an optical
cavity.2 The frequency of the N−th longitudinal mode of
the cavity of the length Lc is: ω
N
c = piNc/Lc . The sensi-
tivity coefficient K cα of this frequency to α-variation is
linked to the sensitivity coefficient K aα of the lattice con-
stant a:
δLc
Lc
=
δa
a
=K aα
δα
α
. (9)
In atomic units c =α−1 and therefore,
dωNc
dα
=
d
dα
(
piN
αLc
)
=−ωNc
(
1
α
+
1
Lc
dLc
dα
)
, ⇒
K cα =−
(
1+K aα
)
. (10)
2 Amorphous materials are expected to depend on α in the
same way as crystals.
For crystals made of light elements |K aα | ≪ 1 and K
c
α ≈
−1. The ratio of some atomic frequency ωat to the cavity
frequency has sensitivity toα-variation, which is given by
Eq. (8);
δ
(
ωat/ω
N
c
)
ωat/ω
N
c
≈
(
K atα +1
) δα
α
. (11)
This is particularly relevant in view of the recent high-
precision searches for alpha variation involving just such
a comparison [6,7].
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